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Quantization scheme of surface plasma polariton in helical liquid and the exchanging
interaction between quasi particles and emitters
Li Mao∗ and Hongxing Xu†
School of Physics and Technology, Wuhan University, Wuhan, Hubei, 430072 CN
The collective modes of helical electron gases interacting with light have been studied in an
extended random phase approximation. By separating two kinds of electron density oscillations,
the complicate operator dynamics coupling electrons and photons can be simplified and solved. The
inverse operator transformation that interprets electron oscillations and photons with quasi particles
has been developed to study the interaction between surface plasma polaritons (SPPs) and emitters.
Besides the ordinary interaction induced by electric field, we find an additional term which plays
important roles at small distance arising from electron exchanging effect.
PACS numbers: 78.67.-n, 03.70.+k, 71.10.-w
Introduction–Recently, the quantum nature of surface
plasmon poloritons (SPPs) [1], the coupled electromag-
netic waves (or photons) and electron collective oscilla-
tions (or plasmons), has attracted great interests. It is
well known that the electric fields of SPPs are quite lo-
calized and strongly enhanced [2], so, it provides an ex-
cellent platform for investigating light matter interaction
[3]. With the remarkable progresses in theories and de-
vice fabrications, people now can study and analyze the
light matter interaction in the extreme spatial confine-
ment [4, 5], where the quantum effect becomes signifi-
cant, such as the quantum tunneling [6–8] and size effects
[9]. Also, it has been shown that SPPs can conserve the
energy-time entanglement of a pair of photons [10], and
can be used in integrated logic devices [11, 12]. And due
to the strong coupling between SPPs and quantum emit-
ters, such hybrid systems can be used as single photon
sources [13].
Due to the novel properties of Dirac electrons[14],
graphene and topological insulator (TI) become very hot
topics in condensed matter physics. Most recently, plas-
mons and SPPs are proposed and confirmed to exist
in graphene[15–17] which provides highly tunable plas-
monic metamaterials[18], and in TI surface[19] which can
be considered as coupled electron density oscillation and
spin density oscillation[20]. People also find direct evi-
dence for three dimensional (3D) Dirac plasmon in the
type-II Dirac semimetal[21].
Generally, SPPs are regarded as quasi particles which
hybrid photons and electron, collective oscillations. The
quantization scheme of SPPs plays a fundamental role
when dealing with the interaction between them and
other particles or quasi-particles[22], also, it is impor-
tant to the plasmon mediated interactions[23]. When
the momentum is not quite small, one can ignore pho-
tons and the quantization can be achieved by directly
writing down the plasmon operator as the summation
of electron density oscillating operators, then the wave
function and energy are solved with random phase ap-
proximation (RPA) [20, 24, 25]. In such method, the
Figure 1. (Color online) (a). A molecular emitter (e means
electron and p means positively charged core) is placed on top
of a topological insulator with a spacer layer. When SPPs are
excited in the TI surface, they can coupled to each other by
the electromagnetic field and through exchanging electrons.
(b). The coordinate system used in this paper. (c). The
illustration of k¯ = (kx,−ky , 0). (d). The illustration of q˜
which perpendicular to q with θq˜ = θq+ pi/2.
interaction between electrons is the static Coulomb in-
teraction, so the retardation effect[26] is totally ignored.
While the another scheme developed from quantizing the
electromagnetic wave [1, 27], which is widely applied,
needs to solve Maxwell’s equations with the materials’
dielectric functions. Which means, in this method, the
roles of electrons in SPPs are hidden behind the dielectric
functions.
To clarify all components’ roles in SPPs, we extend the
first method [20, 25] to include both photons and elec-
trons. Firstly, we start from the full electron light inter-
action Hamiltonian, describe SPPs as the compositions
of electron oscillations and photons. After separating two
kinds of electron density oscillation operators, we get the
quasi particle energies and wave functions with an ex-
tended RPA method. The wave functions are proved to
satisfy a Schro¨dinger like equation of a none Hermitian
Hamiltonian, and have modified orthogonal conditions.
Once getting these orthogonal conditions, we can calcu-
late the inverse operator transformation which expresses
electron oscillations and photons with quasi particles. Fi-
nally, with the help of inverse operator transformation,
we can calculate the Coulomb field and vector field and
2analyze each component’s contribution to the total elec-
tric field. Also, one can calculate the interaction between
SPPs and other particles, as an example, we’ve calcu-
lated the SPP/emitter interaction and find it contains
two parts, the first one is just µˆ · Eˆ term offered by the
second scheme [22, 28], the second one is an additional in-
teraction induced by exchanging electrons between them
(The physical picture is illustrated in Figure 1a, where
emitter electron can jump to 2DEG and join the oscil-
lation of SPPs then go back to emitter at some other
place), which has different selection rules and compara-
ble strength at large q, and plays the most important role
at small momentum.
Quantization Scheme of SPPs–The system we have
considered can be described by Figure 1a, where a emit-
ter (2D exciton or molecule) is closely placed on top of a
2D electron gas. Note that we’ve chosen the surface state
of topological insulator (TI) [14], and it can be straight-
forwardly extended to others systems, such as graphene,
single layer MoS2, or quantum wells formed by semicon-
ductor films. In the 2DEGs, SPPs can generate and prop-
agate and interact with the emitter through electromag-
netic field or through electron exchanging effect.
Firstly, let’s ignore the emitter and calculate SPPs of
the 2DEGs. Generally, the energies of SPPs we’ve con-
sidered in this paper are quite small compared to the
band gap of 2DEG. So, an effective low energy Hamilto-
nian, Hˆs(pˆ) = pˆ
2/2m∗+~vf(σˆxpˆy− σˆy pˆx) for TI surface
states, is sufficient to describing electrons. Note that, the
topological trivial term pˆ2/2m∗ is essential to provide a
diamagnetic current, which overcomes the energy cutoff
problem when dealing with the optical properties of TI
surface states [29], and also, we find this term renormal-
izes the paramagnetic current-current response function
to the physical one (For more details, please see the sup-
plementary material.). Under these considerations, the
total electron light interaction Hamiltonian in Heisenberg
picture reads (Coulomb gauge ∇ · Aˆ = 0 has been used
in this paper).
Hˆ(t) =
∫
dxΨˆ†(x, t)Hs[pˆ+
e
c
Aˆ(x, t)]Ψˆ(x, t)
+
1
2
∫
dxdx′Ψˆ†(x, t)Ψˆ†(x′, t′)V (|x − x′|)Ψˆ(x′, t)Ψˆ(x, t)
+
∑
λp
~ωpaˆ
†
λp(t)aˆλp(t), (1)
where ~ωp is the free photon energy, and x and p
are the 3D position and momentum vector respectively.
In this paper, we have used cylinder coordinates that
x = (r, z) and p = (p‖, pz). The photon index λ =
1, 2 corresponding to two photon modes with the po-
larization vectors ξλp perpendicular to the wave vector
p, which have been set to ξ1(p) = (− sin θp, cos θp, 0)
and ξ2(p) = (− cosφp cos θp,− cosφp sin θp, sinφp),
where θp and φp are angles of p in polar coor-
dinate (please see Figure 1b). The radiation field
1/cAˆ(x, t) = 1/
√
ν
∑
λp e
ip·xAˆλp(t), here ν = SLz is
the space volume, and Aˆλp(t) =
√
2pi~/ωp[ξλ(p)aˆλp(t)+
ξλ(−p)aˆ†λ,−p(t)], where aˆλp(t), aˆ†λ,−p(t) are photon an-
nihilate and creation operators.
Aware that the electron excitation energy in z di-
rection is quite bigger then the energy of plane ex-
citations we’ve considered, so, one can simplify the
real space operator Ψˆ†(x, t) with ψ(z)Ψˆ†(r, t). Where
ψ(z) is the envelope function (
∫ |ψ(z)|2dz = 1), and
Ψˆ(r, t) = (cˆ↑(r, t), cˆ↓(r, t))
T is a Nambu spinor. In mo-
mentum space, the single electron Hamiltonian Hˆs can
be diagonalized by transformation γˆsk = 〈sk|Ψˆk, where
s = ±1, 〈sk| = e− i2 sθk(uske i2 θk ,−isvske− i2 θk) and Ψˆk =
(cˆk↑, cˆk↓)
T with energy ξsk = µ+sEk, Ek =
√
v2fk
2 + h2,
and wave functions usk, vsk =
√
1
2 (1 ± sh/Ek). For
shorter notations, let’s omit the subscript of k‖,q‖ and
let k,q just be the in-plane vectors, omit time t in opera-
tors for the same reason, and define W ss
′
kq = 〈sk+q|s′k〉,
Xss
′
kq = 〈sk + q|σx|s′k〉, Y ss
′
kq = 〈sk + q|σy |s′k〉, and
∆ξss
′
kq = ξsk+q − ξs′k, ∆nss
′
kq = ns′k − nsk+q. Finally, the
Hamiltonian in momentum space can be expressed as
Hˆ =
∑
sk
ξskγˆ
†
skγˆsk +
1
2S
∑
ss′ll′kk′q
W ss
′
kq W
ll′
k′,−qVq γˆ
†
sk+q
γˆ†lk′−qγˆl′k′ γˆs′k +
∑
λq
~ωqaˆ
†
λqaˆλq +
evf√
ν
∑
kqss′
γˆ†sk+qγˆs′k
[Y ss
′
kq Aˆ
x
q −Xss
′
kq Aˆ
y
q] +
Πd
2Lz
∑
qp′z,l=x,y
AˆlqAˆ
l
(−q,−p′z)
, (2)
where Vq = 2pie
2/q is the two dimensional Coulomb po-
tential, the last term provides the diamagnetic current
arising from the topological trivial term in Hˆs mentioned
previously.
In order to get the collective excitations or SPPs, one
can always define an operator compositing of electron
oscillations and photons (ρˆ†kqss′ = γˆ
†
k+qsγˆks′ , aˆλp, and
aˆ†λp), and may find all of them coupled to each other and
make the dynamics quite complicate. The key point to
simplify our calculations is defining two kinds of charge
oscillation operators ρˆl†kqss′ and ρˆ
t†
kqss′ that(
ρˆl†kqss′
ρˆt†kqss′
)
=
1√
2|W ss′kq |
(
W ss
′
kq W
ss′
k¯q
W ss
′
kq −W ss
′
k¯q
)(
ρˆ†kqss′
ρˆ†
k¯qss′
,
)
(3)
where k¯ = (kx,−ky, 0) (illustrated in Figure 1(c)). The
upper script l means longitudinal and tmeans transverse,
one can easily check the charge density ρˆ†q and the longi-
tudinal current density jˆx†q can be written as the summa-
tion of ρˆl†kqss′ while the transverse current density jˆ
y†
q can
be composited by ρˆt†kqss′ . Note that (W
ss′
kq )
∗ =W ss
′
k¯q
, one
3immediately find ρˆl†ss′kq = ρˆ
l†
ss′k¯q
and ρˆt†ss′kq = −ρˆt†ss′k¯q,
which means we only need to consider half k space to
make a complete set (we can set ky = ±pi/Ly,±3pi/Ly, ...
to avoid the special ky = 0 points).
Similar to Nambu spinor, we can define a operator ba-
sis that Φˆ†q = [· · ·ρˆλρ†kiqsis′i · · · aˆλa(−q,−pzi) · · · aˆ
†
λa(q,pzi)
· ··]T ,
where λρ = l, t, λa = 1, 2, sis
′
i = ++,+−,−+,−− and
the electron momentum ki runs to every k points in the
previously defined half space, the photon momentum pzi
runs to all points in the z direction. Finally, the col-
lective mode can be written as Qˆ†q = ΦqΦˆ
†
q, where Φq
is the wave function. By comparing the coefficients of
different operators in the quasi particle dynamic equa-
tion i~∂tQˆ
†
q = [Qˆ
†
q, Hˆ] = −~ΩqQˆ†q, one can get the quasi
particle energies (~Ωq) and wave functions (Φq). After
some algebras, we find the quasi particle energies satisfy
the following equation (for more details, please see the
supplementary material.).
V lqV
t
q |Πjxjy |2 = (1 − V lqΠjxjx)(1 − V tqΠjyjy ) (4)
where V lq and V
t
q are the longitudinal and transverse pho-
ton propagators, and Πjxjx Πjyjy are the diagonal cur-
rent current response functions, Πjxjy is the off diagonal
current current response function[29, 30]. We want to
emphasize here that such equation is just the same one
derived by traditional method.
It is well known that the topological off diagonal cur-
rent current response function is zero when the static
Zeeman field h = 0, which means the longitudinal and
transverse modes are decoupled (Eq. (4) reduces to
two independent equations 1 − V lqΠjxjx(Ωlq,q) = 0, and
1− V tqΠjyjy (Ωtq,q) = 0). At the same time, the longitu-
dinal and transverse modes can be expressed as Qˆl†q =∑
kss′ Φ
l
ss′kqρˆ
l†
ss′kq +
∑
pz
Φa1pz aˆ1(−q,−pz) + Φ
c
1pz aˆ
†
1(q,pz)
and Qˆt†q =
∑
kss′ Φ
t
ss′kqρˆ
t†
ss′kq +
∑
pz
Φa2pz aˆ2(−q,−pz) +
Φc2pz aˆ
†
2(q,pz)
, where Φl,tss′kq and Φ
a,c
1,2pz
are the correspond-
ing components of wave function Φq (As an example,
we’ve plotted |Φa,c1pz |2 in Figure 2, and |Φl++kq|2∆n++kq in
the inset figure for q = 0.1kf ). So, in this special case, the
longitudinal density oscillation we’ve defined only cou-
pling to the first photon mode, while the transverse den-
sity oscillation just coupling to the second photon mode.
For general cases (h 6= 0), the longitudinal and trans-
verse modes coupled to each other, and the details can
be found in supplementary materials.
The wave functions and energies can be
proved to satisfy an eigenvalue equation that
H¯Φnq = ~ΩnqΦnq. In principle, one can al-
ways calculate and find all the solutions, then get
(Qˆ†q, Qˆ−q, Qˆ
†
1q, Qˆ1,−q, Qˆ
†
2q, Qˆ2,−q, ·, ·, ·)T = U¯ Φˆ†q, the
annihilator operators appear because H¯q has particle-
hole symmetry that R†H¯qR = −H¯∗−q, Qˆ−n,−q = Qˆ†n,q,
where −n indicates negative energy. Note that H¯
isn’t Hermitian, instead, it satisfies H¯†J = JH¯ with
Figure 2. (Color online) |Φa,c1pz |
2 and |Φl++kq|
2∆n++kq (inset
figure) as a function of qz and k at q = 0.1kf . The chemical
potential for electron gas is 0.1eV and the Fermi velocity of
TI vF = 5× 10
5m/s.
J = diag[∆n
s1s
′
1
k1q1
,∆n
s2s
′
2
k2q2
· ··, 1, 1, · · ·,−1,−1, · · ·], one can
immediately find 〈Φnq|J |Φmq〉 = 0,±1 (+1 for n = m
and positive energy, −1 for n = m and negative energy,
0 for n 6= m or ∆nss′kq = 0) and get the detail expression
of the inverse transformation U¯−1. (For more details,
please see the supplementary materials.).
Emitter SPP coupling–Once getting U¯−1, we can cal-
culate the interaction between quasi particles with other
systems. As an example, suppose we have a emitter
(a hydrogen like molecule) localized at z = z0, r = 0
(Figure 1a). The plane wave functions eik·r and the
discrete localized states φi(x) of emitter form a com-
plete set, so we can expand Ψˆ(x) = Ψˆ2D(x) + Ψˆet(x) =
1/
√
S
∑
k e
ik·rψ(z)Ψ†k+
∑
i φi(x)φˆ
†
i , here φˆ
†
i is the i
th cre-
ation operator of emitter. Note that the emitter’s wave
function is well localized, one reasonable assumption is
its total electron number is conserved when interacting
with SPPs. So, we only keep the emitter electron con-
served terms in the total Hamiltonian which has three
parts Hˆ = Hˆet + Hˆee + Hˆ2D, where the last term Hˆ2D is
the Hamiltonian of 2DEG interacting with light defined
previously, Hˆet is the emitter Hamiltonian under vector
field Aˆ(x) and emitter potential Vet(x). The last term
Hˆee is electron electron interaction Hamiltonian, which
can be expressed as the emitter electron interacting with
fields generated by the 2DEG. Now
Hˆet =
∫
Ψˆ†et(x)[
1
2m∗
(pˆ+
e
c
Aˆ(x))2 + Vet(x)]Ψˆ(x)dx
Hˆee =
∫ ∫
Ψˆ†et(x)Vˆeff (x,x
′)Ψˆet(x
′)dxdx′. (5)
The effective potential Vˆeff (x,x
′) contains two parts,
one originates from the direct Coulomb interaction δ(x−
x′)Vˆec(x), and the other comes from electron exchanging
4effect Vˆex(x,x
′), where
Vˆec(x) =
∫
V (|x− x′′|)Ψˆ†2D(x′′)Ψˆ2D(x′′)dx′′
Vˆex(x,x
′) = −V (|x− x′|)Ψˆ†2D(x′)Ψˆ2D(x). (6)
It should be emphasized here that, we want to de-
rive the interaction between emitter and SPPs, but not
the interaction between emitter with the total 2DEG.
To do so, we can utilize the inverse transformation and
only keep the contribution from SPPs in Vˆeff (x,x
′).
For the direct Coulomb potential, we have Vˆ sppec (x) =∑
e−iq·r−q|z|LqQˆ
†
q + h.c., where Lq is the normalization
factor of wave function Φq, the superscript
spp means
only considering the contribution of SPPs.
It is convenient to study the interaction through elec-
tric field in dipole approximation, and the contribution
from Vˆ sppec reads
Eˆs(x) =
1
e
∇Vˆ sppec (x)
=
1
e
∑
q
(−iq,−q)e−iq·r−qzL∗qQˆ†q + h.c. (7)
Similarly, we can calculate the vector field Aˆ(x), and its
contribution to electric field reads
Eˆr⊥(x) =
1
e
∑
q
e−iq·rq(e−qz − e−q′z)L∗qQˆ†q + h.c.
Eˆr‖(x) =
1
e
∑
q
e−iq·r[i(qe−qz − q′e−q′z)L∗q
+ e−q
′zΩq
q˜
q
T ∗q ]Qˆ
†
q + h.c., (8)
where q˜ is an in-plane vector perpendicular to q (θq˜ =
θq + pi/2, illustrated in Figure 1d), and q
′ means the
magnitude of q reduced from q to q′ =
√
q2 − Ω2q/c2, and
Tq is another wave function normalization factor existing
in transverse or longitudinal transverse hybrid modes.
Finally, the total electric field reads
Eˆ(x) = Eˆs(x) + Eˆr(x) = −1
e
∑
q
e−iq·r−q
′z
× [(iq′, q)L∗q +Ωq
q˜
q
T ∗q ]Qˆ
†
q + h.c.. (9)
In Fig. 3, we’ve plotted the relative ratio of radiation to
static electric field (the parallel constituent) as a func-
tion of q at z = 0. It is clearly that when q is less
that 100cm−1, the radiation component is big enough
and can’t be ignored. Because their vertical parts have
the same magnitude but opposite sign at z = 0, so we
don’t put it in the figure.
Now, the interaction Hamiltonian through electric field
50 100 150 200
q(cm−1)
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00
,1
1
f
|
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Figure 3. (Color online) The relative ratios Er||/E
s
|| at z = 0
(black line) and gex00,11/g
f
00,11 (red line), here the superscripts
r,s mean radiation and static respectively, the subscript ||
means the in-plane component.
Hˆfint = −
∫
µˆ(x) · Eˆ(x)dx reads
Hˆfint =e
∫
Ψˆ†et(x)[x · Eˆ(x)]Ψˆet(x)dx
≈
∑
ijq
gijf (q)φˆ
†
i φˆjQˆ
†
q + h.c., (10)
with the interaction strength
gijf (q) = −i(q′ · d||ij + qd⊥ij)L∗q −
Ωq
q
q˜ · d||ijT ∗q , (11)
where dij =
∫
φ∗i (x)xφj(x)dx is the transition dipole mo-
ment, the superscript ||,⊥ means the parallel and vertical
parts.
When the emitter and 2DEG get close to each other
and their wave functions overlap in z direction, Vˆex(x,x
′)
arising from the electron exchanging becomes important,
after some similar calculations, we find the exchange
Hamiltonian Hˆexint has the same form of Eq. (10) with
the interaction strength
gijex(q) =
qλfL
∗
q
8pi3
ηijq , (12)
where λf is the Fermi wavelength of 2DEG, and η
ij
q is
defined in the supplementary material. The exchange
strength or ηijq is quite complicate and should be numer-
ically calculated, but for a simple situation that a longi-
tudinal SPP interacts with a 2D hydrogen like molecule,
it has analytical results (Even in this simplified case, the
expression is quite complicate. For the detail calculation,
please see the supplementary materials).
Note that the field interaction strength gfij(q) now
equals −iq′ · dijL∗q, and we can compare it with the ex-
change strength by calculate the ratio |gijex(q)/gfij(q)|
5ηij(λf/a0)/(8pi
3)qλf/(q
′ · dij). When q isn’t very small,
q′ approx q and these two interaction strengths are com-
parable. When q → 0, because q/q′ → ∞, we can
conclude that the exchange effect plays the most im-
portant role at small q. To provide a perspicuous and
direct impression, we’ve plotted |g00,10ex (q)/g00,11f (q)| for
the transitions from ground state (00) to the first (10)
and second (11) excited states in Figure 3 (red line).
Because the two strengths have different selection rules
(For example, g00,10ex (q) is none zero, while the transi-
tion dipole moment d00,10 = 0), and g
00,11
ex (q) is quite
complicate, we’ve calculated |g00,10ex (q)/g00,11f (q)| instead
of |g00,11ex (q)/g00,11f (q)|. It is clearly that it diverges at
q = 0, and approx 15% at large q.
Conclusion.–We have developed a quantization scheme
for the collective excitations of 2DEGs when consider
photon fields. The quasi particle energy and wave func-
tion have been derived, and we’ve calculated the inverse
operator transformation which interprets photons and
electron density oscillations with quasi particles. With
the help of such transformation, the interaction between
SPPs and molecule emitters are studied. We find when
they are closely placed, a new type of interaction originat-
ing from exchanging electron emerges, which has differ-
ent selection rules compared to the traditional interaction
and has comparable strength at large q, and plays the
most important role at small momentum (q . 100cm−1).
Finally, we want to emphasize here that this method can
also be applied to other type emitters such as excitons
and quantum dots, and other 2DEGs beyond TI surface
states, and one can utilize it to quantize other excitations
under RPA.
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